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Abstract. We give a combinatorial description of general homotopy groups 
of fc-dimensional spheres with k > 3 as well as those of Moore spaces. For n > 
k > 3, we construct a finitely generated group defined by explicit generators 
and relations, whose center is exactly 7r n (5 fc ). 



1. Introduction 

The purpose of this article is to give an explicit combinatorial description of 
general homotopy groups of fc-dimensional spheres with k > 3 as well as those of 
Moore spaces. The description is given by identifying the homotopy groups as the 
center of a quotient group of the self free products with amalgamation of pure braid 
groups by certain symmetric commutator subgroups. 

A combinatorial description of ir*(S 2 ) was discovered by the second author in 
1994 and given in his thesis [2Uj, with a published version in [52]. This description 
can be briefly summarized as follows. Let F n be a free group of rank n > 1 with 
a basis given by {xi, . . . , x n }. Let R4 — (xi) Fn be the normal closure of cc, in F n 
for 1 < i < n. Let R n +\ = (x\X2 • ■ ■ x n ) Fn be the normal closure of the product 
element X1X2 • ■ ■ x n in F n . We can form a symmetric commutator subgroup 

[Rl, R2, ■ ■ ■ , Rn+l]s = Yl [" ' " [-^o-(l))-R<7(2)L • • • >-R<r(n+l)]- 

This gives an explicit subgroup of F n with a set of generators that can be understood 
by taking a collection of iterated commutators. By (22J Theorem 1.4], we have the 
following combinatorial description on ir*(S 2 ). 

Theorem 1.1. For n > 1, there is an isomorphism 

Ri n • • • n R n +i 



(s 2 ) 



[Ri,..., R n +i]s 

Moreover, the homotopy group 7r n+1 (S' 2 ) is isomorphic to the center of the group 
F n /[Ri, R2, ■ ■ ■ , Rn+i]s- D 

The groups F n /[Ri, R2, ■ . ■ , R n +i]s c & n be defined using explicit generators and 
relations. This situation is very interesting from the group-theoretical point of view: 
we don't know how to describe homotopy groups 7r*(S' 2 ) in terms of generators and 
relations, but we can describe a bigger group whose center is exactly n*(S 2 ). 

' Research of the second author is supported in part by the AcRF Tier 1 (WBS No. R-I46- 
000-137-112) and AcRF Tier 2 (WBS No. R- 146-000-143-112) of MOE of Singapore and a grant 
(No. 11028104) of NSFC of China. 
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It has been the concern of many people whether one can give a combinatorial 
description of homotopy groups of higher dimensional spheres, ever since the above 
result was announced in 1994. Technically the proof of this theorem was obtained 
by determining the Moore boundaries of Milnor's F[if]-construction [T7] on the 
simplicial 1-sphere S 1 , which is a simplicial group model for US 2 . A canonical 
approach is to study Milnor's construction i^S*] ~ ilS k+1 for k > 1. Although 
there have been some attempts [23 to study this question using F[S ], techni- 
cal difficulties arise in handling Moore boundaries of F[S k ] in a good way, and 
combinatorial descriptions of homotopy groups of higher dimensional spheres using 
simplicial group model F[S k ] would be very messy. 

In this article, we give a combinatorial description of n*(S ) for any k > 3 by 
using free product with amalgamation of pure braid groups. Our construction is as 
follows. Given k > 3, n > 2, let P n be the n-strand Artin pure braid group with 
the standard generators Ajj for 1 < i < j < n. We construct a subgroup Q n .k of 
P n from cabling as follows. Our cabling process starts from P2 = Z generated by 
the 2-strand pure braid A±^- 

Step 1. Consider the 2-strand pure braid Ai t 2- Let X4 be (k — l)-strand 
braid obtained by inserting i parallel strands into the tubular neighborhood 
of the first strand of A\^ and k — i — 1 parallel strands into the tubular 
neighborhood of the second strand of for 1 < i < k — 2. The picture 
of X{ IS elS follows: 




Where N-i-1=l<-1 



Step 2. Let a k = [• . • [[x^ 1 , xix^ 1 ], x 2 x^ x ], . . . , x k sx^^ 2 , Xk-2] be the 
(k — 1) -strand braid. 

Step 3. By applying the cabling process as in Step 1 to the element 
we obtain the n-strand braids yj for 1 < j < (tZa) • 

Let Q nt k be the subgroup of P n generated by yj for 1 < j < (^2) • Now consider 
the free product with amalgamation 

P n *Q„, fc Pn- 
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Let Aij be the generators for the first copy of P n and let A\ j denote the generators 
Aij for the second copy of P n . Let Ri j = A\ ^ Pn * Q n,h Pn be the normal 

closure of A^^A^ in P n * Qn k P n . Let 

[Ri,j I 1 < i < j < n]s = Yl [[Riidn^hl ■ ■ ■ iRiuh] 

{l,2,...,n} = {ii ,j t } 

be the product of all commutator subgroups such that each integer 1 < j < n 
appears as one of indices at least once. By Lemma 3.6 this product can be given 
by taking over those commutator subgroups [[Ri 1 j 1 , i?i 2 , j2 ] , . . . , Ri t .j t ] such that 

1) {k,3i, ■ ■ -,H,3t} = {1,2, ...,n} and 

2) {ii,jx, ■ ■ -,it,3t} \ {i P , j P } ^ {1,2, ...,n}. 
Our main theorem is as follows: 

Theorem 1.2. Let k > 3. The homotopy group ir n (S k ) is isomorphic to the center 
of the group 

(Pn *Q n , k Pn)/[Ri,j \l<i<3< n) S 

for any n if k > 3 and any n ^ 3 if k = 3 . 



Note. The only exceptional case is that k = 3 and n = 3. In this case, ^^(S 3 ) = Z 
while the center of the group is bigger than Z. 

The center of the group (P n *Q n k P n )/[Rij \ 1 < i < j < n]g is in fact given by 
Brunnian-type braids in the following sense: Let dk : P n — > P n —i be the operation of 
removing the k-th strand for 1 < k < n. A Brunnian braid means an n-braid f3 such 
that dk/3 = 1 for any 1 < k < n. Namely /3 becomes a trivial braid after removing 
any one of its strands. This notion can canonically be extended to free products of 
braid groups. In other words, we have a canonical operation dk : P n * P n —¥ P n -i * 
P n -\ which is a group homomorphism such that, for each n-braid /3 in the first copy 
of P n or the second copy of P n , dkP is the (n — l)-strand braid given by removing the 
fc-th strand of /3. A Brunnian-type word means a word w such that d^w — 1 for any 
1 < k < n. Without taking amalgamation, it can be seen from our tcchiniqucs that 
the Brunnian-type braids are exactly given by the symmetric commutator subgroup 
I 1 < i < j '5; n ]s- However the question on determining Brunnian-type braids 
after taking amalgamation becomes very tricky. The question here is about the 
self free product of P n with the amalgamation given by the subgroup Q n ,k- It is 
straightforward to check that the strand-removing operation dk maps Q n ,k into 
Qn-i.k and so the removing operation d k : P n *q„ k P n -> P n _i *Q n _ lik P n -i is 
a well-defined group homomorphism. From our construction of simplicial groups 
given by free products with amalgamation, the Brunnian-type braids in P n *Q n k P n 
are exactly the Moore cycles in our simplicial group model for H,S k and so the 
centeiQ 

Z((P n *Q n . k Pn)/[Ri,i \ l<i<3< n] s ) S 7T n (S k ) 
is exactly given by the Brunnian-type braids in P n *g n k P n modulo the subgroup 
[Phj I 1 < i < j < n ]s- One important point concerning Brunnian-type braids of 
the self free product with amalgamation of P n is that the homotopy groups 7r„(5 lfc ) 
can be given as quotient groups for any k > 3. 



For a group G, we denote its center by Z{G). 



4 



ROMAN MIKHAILOV AND JIE WU+ 



Mark Mahowald asked in 1995 whether one can give a combinatorial description 
of the homotopy groups of the suspensions of real projective spaces. In this article, 
we also give a combinatorial description of the homotopy groups of Moore spaces 
as the first step for attacking Mahowald's question. Let M(Z/q, k) be the (k + 1)- 
dimensional Moore space. Namely M(Z/q, k) = S U q e k+1 is the homotopy cofibre 
of the degree q map S — ?> S . If k > 3, we give a combinatorial description of 
7r*(M(Z/<7, k)) given as the centers of quotient groups of threefold self free product 
with amalgamation of pure braid groups, which is similar to the description given in 
Theorem 1.2 (The detailed description will be given in Section]!]) This description 
is less explicit then the one given in Theorem \1.2\ but it leads to combinatorial 
descriptions of homotopy groups of finite complexes from iterated self free products 
with amalgamations of pure braid groups. 

For the homotopy groups of 3-dimensional Moore spaces, there is an explicit 
combinatorial description that deserves to be described here as it arises in certain 
divisibility questions concerning braids. Let X\, . . . , a; n _i be n-strand braid ob- 
tained by cabling as described in step 1 of the construction for the group Q n ,k- 
It was proved in [5] that the subgroup of P n generated by x\, . . . , x n -\ is a free group 
of rank n — 1 with a basis given by x%, . . . , x n -i- Let F n -\ — (xi, . . . , x n ) < P n 
be the subgroup generated by x\, . . . ,x n -i. Given an integer q, since F„_i = 
(xi, . . . , x„_i) is free, there is a group homomorphism <j) q : F n _i — > F n _i such that 
<j) q (xj) = x"j for 1 < j ' < n — 1. Now we form a free product with amalgamation by 
the push-out diagram 



F„ 



Pn 



<Pq 

Ffl-1 * Pn *<p q Fn-1, 

namely the group Pn*4> q F n —ij which is the free product by identifying the subgroup 
F n -i with the subgroup of F„_i generated by x\, . . . , x^ l _ 1 in a canonical way. 
Let yj denote the generator Xj for F„_i as the second factor in the free product 
P n % for 1 < j < n - 1. Let 

Ri = (yi) Pn *** Fn - 1 ,Rj = (yj-iyjY^-^Rn = (yn-x)^*^- 1 

be the normal closure of yi, yj-iyj 1 , y n -i in P n *<f> q -Fn-i) respectively, for 2 < j < 
n — 1. Let R s ^t — (A s , t } Pn * 4 ' qFrl ~ 1 be the normal closure of A s j in P n *,p q F n -\ 
for 1 < s < t < n. Define the index set Index(Rj) = {j} for 1 < j < n and 
Index(i? s f ) = {s,t} for 1 < s < t < n. Now define the symmetric commutator 
subgroup 

[Ri, R S}t | 1 < i < n,l < s < t < n] s = ]J [[d, C 2 ], . . . , C t ], 

{1,2,. ..,«}= U Indcx(Cj) 
3=1 

where each Cj = Ri or R Sjt for some i or (s,t). 

Theorem 1.3. The homotopy group 7r„(M(Z/g, 2)) is isomorphic to the center of 
the group 

{P n *0 9 ^n-i)/!^, R s ,t \ l<i<n,l<s<t<n} s 
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for n 7^ 3 . 

Note. For the exceptional case n — 3, 7T3(M(Z/g, 2)) is contained in the center 
but the equality fails. 

Some remarks concerning the methodology of this paper are given next. The no- 
tion of simplicial sets and simplicial groups have been largely studied since it was 
introduced in the early of 1950s, when D. Kan established the foundational work for 
simplicial homotopy theory [TTJ [T^] . Various important results have been achieved 
by studying simplicial groups. For instance, the Adams spectral sequence can be 
obtained from the lower central series of Kan's construction [3] for computational 
purpose on homotopy groups. A combinatorial description of general homotopy 
groups of S 2 was given in [22] with important progress in connecting to Brunnian 
braids [2J. This description was generalized in [5] by studying van Kampen-type 
theorem for higher homotopy groups. Serious study of Brunnian braids ^ in- 
troduced the notion of symmetric commutator subgroups in determining the group 
of Brunnian braids on surfaces S for S ^ S 2 or MP 2 . By using this notion together 
with the embedding theorem in [5J Theorem 1.2] as well as the Whitehead Theorem 
on free products with amalgamation of simplicial groups |13[ Proposition 4.3], we 
are able to control the Moore boundaries of our simplicial group models for the 
loop spaces of spheres and Moore spaces, which leads to our results. 

Theorems |1.2| and |1.3| have more theoretical significance rather than computa- 
tional purpose. It addresses the importance and complexity on the questions con- 
cerning Brunnian-type braids in free products with amalgamation of braid groups. 

The article is organized as follows. In Section 2, we study free products with 
amalgamation of simplicial groups. In some cases, these products present simplicial 
models for loop spaces of homotopy push-out spaces. In Section 3, for k > 3, 
we construct simplicial groups T(S k ; a) such that there is a homotopy equivalence 
\T(S k ; a)\ ~ flS k . There is a natural way to describe Moore boundaries of T(S k ; a) 



and this description is a key point in the proof of Theorem 1.2 which we give in 
Section 3. In Section 4, we consider triple free products with amalgamation of 
simplicial braid groups and construct simplicial models for loop spaces for Moore 
spaces. For k > 3, we give a description of a finitely-generated group such that its 



center is n n (M(Z/q,k)) (Theorem 4.4 1. Section 5 is about 3-dimensional Moore 



spaces. In this case, the simplicial models for loop spaces of Moore spaces can be 



simplified. We prove Theorem 1.3 in Section 5. 

This article was finished during the visit of both authors to Dalian University of 
Technology under the support of a grant (No. 11028104) of NSFC of China in July 
of 2011. The authors would like to thank the hospitality of Dalian University of 
Technology for supporting our research on this topic. 



2. Free Products with Amalgamation on Simplicial Groups 



Let 4>: G —> G' and ip: G —> G" be group monomorphisms. Then we have the 
free product with amalgamation G' *g G" . More precisely G' *g G" is the quotient 
group of the free product G' * G" by the normal closure of the elements (j)(g)tjj(g)~ 1 
for g 6 G. The group G' *g G" nas the universal property that the following 



6 



ROMAN MIKHAILOV AND JIE WU+ 



diagram 

G r - - G' 

n 

G" ► G' * G G" 

is a pushout diagram in the category of groups. Let G' = (X' | R') and G" = 
(X" | R") be presentations of the groups G' and G" , respectively. Let X be a set 
of generators for the group G. Then the group G" *c G" has a presentation 

G" * G G" = (X',X" | i?', R", (jyix^ix)- 1 for igX). 

In particular, if X' , X", i?', J?" and X are finite sets, then G' *g G" is a finitely 
presented group with a presentation given as above. The notion of free product with 
amalgamation can be canonically extended to the category of simplicial groups. 

Recall that a simplicial group G consists in a sequence of groups G = {G n } n >o 
with face homomorphisms di : G n — > G n -i and degeneracy homomorphisms Sj : G„ — > 
G„ + i for < i < n such that the following simplicial identities holds: 

1) A-identity: didj — djdi + i for i > j, 

2) Degeneracy Identity: SiSj = Sj + \Si for i < j, 

3) Mixing Relation: 

{Sj-i^ if i < j, 
id if i=j,j + l, 
sjdi-i if i > j + 1. 

A simplicial homomorphism / : G — >• G' consists in a sequence of group homomor- 
phism / = {/„} with /„ : G n -> G' n such that df f n = f n -idf and sf /„ = /„+isf 
for < i < n. A simplicial monomorphism /: G — > G' means a simplicial homo- 
morphism / = {/„} such that each /„: G n — > G' n is a monomorphism. Similarly 
we have the notion of simplicial epimorphism. 

For a simplicial group G, recall that the Moore chain complex N*G is defined by 

n 

A^„G= f|Kcr(d 4 : G„ -> G„_i) 
j=i 

with the differential given by the restriction of the first face do \ : N n G — > N n _\G. 
The Moore chain complex functor has the following important properties. For a 
simplicial set X, let |X| denote its geometric realization. 

Proposition 2.1. TTie following statements hold: 

1) Let G &e any simplicial group. Then there is a natural isomorphism 

H n (N*G;d \)^w n (\G\) 

for all n. 

2) Let f : G — > G' 6e a simplicial homomorphism. Then f is a simplicial 
monomorphism (epimorphism) if and only if 

N(f): N q G — > N q G' 

is a monomorphism (epimorphism) for all q. 
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3) A sequence of simplicial groups 
1 ->■ G' -> G 



G 



1 



is short exact if and only if the corresponding sequence of Moore chain 
complexes 



1 -> N*G' -> NM -> iV,G" 



1 



is s/iorf exact. 



Proof. Assertion (1) is the classical theorem of John Moore, see the survey paper [7] . 
Assertion (2) is given in Quillen's book [T51 Lemma 5, 3.8]. 

(3). By Proposition 4.1.4], the Moore chain functor is an exact functor. We 
show that the inverse statement is also true. Namely if 1 — > N^G' — > N*G — >• 
N*G" -t 1 is short exact, then 1 — >• G' -> G -> G" -> 1 is short exact. By 
assertion (2), G' G is a simplicial monomorphism and G — > G" is a simplicial 
epimorphism. From Conduche's decomposition theorem of simplicial groups [5J, 
the composite G' — > G — >• G" is trivial and so G' is mapped into Ker(G — > G"). 
Since JV*(G') = N*Ker(G -> G") = Ker(iV*G -> 7V*G"), G' -> Ker(G -> G") is an 
isomorphism by assertion (2) and the result follows. □ 

Let Z n G = P|™ =0 Ker(di : G„ — > G„_i) < N n G be the Moore cycles and let 
= do(N n+ iG) < 2„G be the Moore boundaries. By assertion (1), the homo- 
topy group 7r„(|G|) is given by Z n G/B n G. 

The construction of free product with amalgamation on simplicial groups is given 
in the same way. Let c/>: G —> G' and ip: G —> G" be simplicial monomorphisms. 
Then G' *a G" is a simplicial group with each (G' *g G") n is the free product 
with amalgamation of G' n *g„ G" for the group homomorphisms <j> n : G n — > G' n 
and ip n : G n — ¥ G". The face homomorphisms are (uniquely) determined by the 
pushout property: 



G 




G r , 



b n-l 



*■ G' 



r <t>n-l 




X 





G, 



G' * r G" 




Similarly the degeneracy homomorphisms are (uniquely) determined by the pushout 
property. The uniqueness of the induced face and degeneracy homomorphisms 
forces the simplicial identities to hold for df *° G and s G *° G and so G' *g G" 
becomes a simplicial group. If we write the elements w in (G' *a G") n = G' n *g„ G(( 
in terms of words as a product of elements from G' n or G^,then df *° G " (w) is given 
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by applying df or df to the factors of w. Similarly we can compute degeneracy 
homomorphism sf *° G on (G' *g G") n in the same manner. 

There is a classifying space functor from the category of simplicial groups to the 
category of simplicial sets, denoted by W , with the property that the geometric 
realization of W(G) is a classifying space of the geometric realization of the sim- 
plicial group G. We refer to Curtis' paper [7] for the detailed construction of the 
functor W . 

An important property of free product with amalgamation on simplicial groups 
is that the classifying space of G' *g G" can be controlled. This property is a 
simplicial consequence of the classical asphericity result of J. H. C. Whitehead [El 
Theorem 5] in 1939 and the formal statement of the following theorem was given 
in Kan-Thurston's paper [T31 Proposition 4.3]. 

Theorem 2.2 (Whitehead Theorem) . Let<\>: G — > G' andifj: G G" be simplicial 
monomorphisms. Then the classifying space W(G' *gG") is the homotopy push-out 
of the diagram 

W<j> 



WG 



WG' 



Wip 



push 



WG" - W(G' * G G"). 



□ 



3. Description of Homotopy Groups of Spheres and Proof of 

Theorem 11.21 



In this section, we are going to construct a simplicial group model T(S k ) for CIS , 
k > 3, by using pure braid groups. From this, we are able to give a combinatorial 
description of the homotopy group Tr q (S k ) for general q. 

3.1. Milnor's F[if ]-construction on spheres. Let if be a simplicial set with a 
fixed choice of base-point SqXo € K n . Milnor [T7] constructed a simplicial group 
F[K] where -F[-ftf„] is the free group generated by K n subject to the single relation 
that SqXo = 1. The face and degeneracy homomorphisms on F[K] are induced 
by the face and degeneracy functions on K . An important property of Milnor's 
construction is that the geometric realization \K\ of F[K] is homotopy equivalent 
to f2E|if|. (Note. In Milnor's paper |17| . K is required to be a reduced simplicial 
set. This result actually holds for any pointed simplicial set by a more general 
result HU Theorem 4.9].) 

We are interested in specific simplicial group models for ilS k+1 and so we start 
by considering the simplicial fc-sphere S k . Recall that the simplicial fc-simplex A[fc] 
can be defined explicitly as follows: 

A[fc]„ = {(io, h,...,i n ) | < i < ii < ■ ■ ■ < i n < k} with d, : A[fc]„ 
A[fc]„_i given by removing the (i+l)st coordinate and Sj : A[fc]„ — » A[/c]„ +1 
given by doubling the (i + l)st coordinate for < i < n. 
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Let at = (0,1, ... ,k) £ A[k)k and let dA[k] be the simplicial subset of A[k] gen- 
erated by the faces d a k , ■ ■ ■ ,d k <r k . Namely dA[k] is the smallest simplicial subset 
of A [As] containing di<j k for < i < k. Let S k — A[k]/dA[k]. Then the geometric 
realization \S \ is homeomorphic to the standard fc-sphere S . As a simplicial set, 
S k = {*} for n < k and 



Qk 



, < u < • • • < i n < k 



(3.1) 



{*, (io,h, ■■-,i n ) | < i < i\ < ■ 
with {0,1,..., fc} = {io,h, 

< jx < j 2 < ■ ■ ■ < j n -k < n 



{*, 



-,in}} 



°3n- 



1} 



for n > k. In the first description above, it is required that each < j < k appears 
at least once in the sequence (io, . . . ,i n ). In this description, we can describe the 
faces and degeneracies by removing-doubling coordinates where we identify the 
sequence (io, . . . ,i n ) to be the base-point of any one of < j < k does not appear 
in (io, ■ ■ ■ ,i n )- I n the second description, we can use the simplicial identities to 
describe the faces and degeneracies on S k . 

By applying Milnor's construction to S k , we obtain the simplicial group F[S k ] ~ 
flS k+1 with F[S k ] n a free group of rank (™). The generators for F[S k ] n are given 
in formula (3.1 ) with * = 1. 



3.2. The Simplicial Group AP*. There is a canonical simplicial group arising 
from pure braid groups systematically investigated in [2] . We are only interested in 
classical Artin pure braids and so we follow the discussion in [5]. Let AP„ = P n +\ 
with the face homomorphism 

di : AP„ = P n +\ — > AP n _i = P n 

given by removing the (i + l)st strand of (n + l)-strand pure braids and the degen- 
eracy homomorphism 



AP n — Pi 



n+l 



AP n +i — P n -\ 



given by doubling the (i + l)st strand of (n + l)-strand pure braids for < i < n. 
Then AP„ forms a simplicial group. Let A^j, 1 < i < j < n + 1, be the standard 
generators for AP„ = P n +i- Then the face operations in the simplicial group AP* 
are defined as follows: 



(3.2) 



d t (A t 



Ai-ij-i 
1 

1 

Aid 



if t + 1 < i, 
if t + 1 = i, 
if i < t + 1 < j, 
lit +l=j, 
if t + 1 > j. 



and the degeneracy operations are defined as follows: 



(3.3) 



.4 



Aij+i ■ A 



st(Ai d ) = < A iy 



Ai_ j • A 



At 



if t + 1 < i, 
if t + 1 = i, 
if i < t + 1 < j, 
lit + l=j, 
if t + 1 > j. 
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Observe that APi = Pi = Z is generated by Ai$ with <f o-<4i,2 = diA\p = 1. 
The representing simplicial map 

/ Al , 2 : S 1 — ► AP, 
with f ai = A\^ extends uniquely to a simplicial homomorphism 

6: FiS 1 } — >AP*. 

The following embedding theorem plays an important role for our constructions of 
simplicial group models for the loop spaces of spheres and Moore spaces. 
Theorem 3.1. [SJ Theorem 1.2] The simplicial homomorphism 

6: FiS 1 } — > AP» 

is a simplicial monomorphism. □ 

3.3. Simplicial Group Models for ilS k with k > 3. Assume that fc > 3. Let 
a e F[S ,1 ] fe _2 such that 

1) a^l and 

2) dj-a = 1 for all < j < k — 2, that is, a is a Moore cycle. 

(Note. We do not assume that a induces a nontrivial element in irk-iiFlS 1 ]) = 
7Tfc_i(S' 2 ). There are many choices for such an a. We will give a particular choice 
of a with braided instructions later. For a moment a is given by any nontrivial 
Moore cycle.) The representing simplicial map 

/„: S^^FiS 1 } 

extends uniquely to a simplicial homomorphism 

f a : F[S k - 2 } — > FiS 1 } 

by the universal property of Milnor's construction. 

Lemma 3.2. Let k > 3 and let a ^ 1 G i ;l [S' 1 ]fe_2 &e a Moore cycle. Then the map 

f a : F[S k - 2 } — > 
is a simplicial monomorphism. 

Proof. Let G = / a (F[5 fc ~ 2 ]) be the image of / Q . Then G is a simplicial subgroup 
of -F^S 1 ]. Since -F 1 [S' 1 ] g is a free group, G q is free group for each q. The statement 
will follow if we can prove that the simplicial epimorphism 

foe ■ F[S k - 2 } — > G 

is a simplicial monomorphism. Observe that since each F[S k ~ 2 ] q is a free group 
which is residually nilpotent, it suffices to show that the morphism of the associated 
Lie algebras induced from the lower central series 

L(f a )'- L(F[S k ^ 1 ]) > L(G) 

is a simplicial isomorphism. For each q, since both F[S k ~ 2 ] q and G q are free 
group, their associated Lie algebras are the free Lie algebras generated by their 
abclianizations. Thus it suffices to show that 

ff : F[S k - 2 f° = K(Z, k - 2) — -> G ab 

is a simplicial isomorphism. 
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Note that the Moore chain complex of K (Z, k — 2) is given by 
Since : K(Z, k — 2) — > G ab is a simplicial epimorphism, 



JV(/» b ): N q K(Z,k-2)^N q G 



ab 



is an epimorphism for any q by Proposition 
q^k-2. For g = fc - 2, we have N k „ 2 G ah = 



2.1 



It follows that A 9 G ab = o for 



Gk-2 



(a) = Z with 



N(f* h ): N k - 2 K(Z,k-2) 



N k - 2 G- 



ab 



an isomorphism from the definition of f a . Thus 

JV(/£ b ) : NF[S k - 2 ] ah - 



iVG 



ab 



is an isomorphism. By Proposition 2.1 / a : F[S 



?k — 2lab 



simplicial isomorphism. This finishes the proof. 



K(Z,k-2) — > G ab is a 
□ 



Now, by Theorem 3.1 and Lemma 3.2 the composite 



b a : F[S k - 2 ] — 



F[S X ] 



AP» 



is a simplicial monomorphism. Define the simplicial group F(S k ;a) to be the free 
product with amalgamation defined by the diagram 



F[S 



fe-2i 



AP, 



-* T{S k ;a) = AP* * F[s >=-2] AP + 



Theorem 3.3. Let k > 3 and let a ^ 1 e F[S ]&_2 &e a Moore cycle. Then 
the geometric realization of the simplicial group F(S k ;a) is homotopy equivalent to 

ns k . 



Proof. By Theorems 
of 



2.2 



the classifying space WT(S k ; a) is the homotopy push-out 
WF[S k -' 2 ] ~ S*" 1 ► l^AP, 



WAP, ► WT{S k ;a). 

By Theorem 1.1], AP* is a contractible simplicial group and so T^AP* is con- 
tractible. It follows that 

WT(S k ;a) ~ S fe 

and hence the result. □ 
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3.4. Some Technical Lemmas. Recall [IBJ p. 288-289] that a bracket arrange- 
ment of weight n in a group G is a map /?" : G" G which is defined inductively 
as follows: 

B 1 = id G , /3 2 (ai,a 2 ) = [oi,a 2 ] 

for any oi, &2 £ G, where [01,02] = a^f 02 <2ia 2 . Suppose that the bracket arrange- 
ments of weight k are defined for 1 < k < n with n > 3. A map /? n : G n — > G is 
called a bracket arrangement of weight n if /3 n is the composite 

B k x 8 n ~ k B 2 
G n = G k x G"" fe — > GxG — ► G 

for some bracket arrangements /3 fe and /3™~ fc of weight k and n—k, respectively, 
with 1 < k < n. For instance, if n = 3, there are two bracket arrangements given 
by [[01,02], a 3 ] and [a t , [o 2) 03]]. 

Let Rj be a sequence of subgroups of G for 1 < j < n. The fat commutator 
subgroup [[i?i, R2, ■ ■ ■ , Rn]] is defined to be the subgroup of G generated by all of 
the commutators 

where 

1) 1 < i s < n; 

2) . . . , if} = {1, . . . , n}, that is each integer in {1, 2, • • • , n} appears as at 
least one of the integers i 8 ; 

3) g 3 e Rj; 

4) B l runs over all of the bracket arrangements of weight t (with t > n). 
For convenience, let [[Ri]] = R\- 

The symmetric commutator subgroup [Ri, R2, • • ■ , R n ]s defined by 

[Rl, R2, ■ ■ ■ , Rn]s = Y\. [[^(1)' ^(2)]> • ■ • > R<?(n)}, 

where [[i?^^), i? CT (2)], ■ • • , -Ro-(n)] is the subgroup generated by the left iterated com- 
mutators 

[[[9l, 92}, 53], • ■ ■ ,5n] 

with gi € R a (i)- For convenience, let [Rx]s — R\- From the definition, the sym- 
metric commutator subgroup is a subgroup of the fat commutator subgroup. In 
fact they are the same subgroup by the following theorem provided that each Rj is 
normal. 

Lemma 3.4. [15, Theorem 1.1] Let Rj be any normal subgroup of a group G with 
1 < j < n. Then 

[[-Rl, i?2, ■ • • , Rn]] = [Rl,R2, • ■ ■ , Rn]s- 

□ 

One can determine the Moore chains and boundaries for the self free products 
of AP* with a help of the Kurosh theorem on the structure of subgroups of free 
products. However, in order to get this description, we will use another method. 
We construct a simplicial free group Q as follows: For each n > 0, the group Gn is 
the free group generated by Xij for 1 < i < j < n + 1. The face and degeneracy 
operations are given by formulae (3.2) and (3.3), where we replace A+j by Xij. 
It is straightforward to check that the simplicial identities hold. Thus we have a 
simplicial group Q. 
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Now we are going to determine the Moore chains and Moore cycles of the free 
products of Q. Let J be an index set and let Q* J = * a e.jG(c e ), where each 0(a) 
is a copy of Q indexed by an element a G J. For each group (Q{a) n = Q n , let 
Xij(a) denote the generator Xij for l<i<j<n+l. From the definition, Q^ J = 
*a£jG(a)n is a free group with a basis given by {xij(a) | 1 < i < j < n+1, q£ J}. 

A basic word in the group Q^ J means one of the elements Xij(a) for some 
a G J and so 1 < i < j < n + 1. Let 

w = j3 t (x iltjl (ai) ±1 ,x i2tj2 (a 2 ) ±1 , . . . , x it Jt (a t ) ±:L ) 

be a i-fold iterated commutator on basic words, where the bracket f3 t ( ■ ■ ■ ) is any 
bracket arrangement. Define 

IndexO) = {ii,ji,? 2 , J2, • • • , iujt} Q {L 2, . . . , n + 1}. 

(Note. In our definition, Index(iu) is only well-defined for commutators with entries 
from basic words.) 

For each pair 1 < i < j < n + 1, let 

R{ d = (x itj (a) \aeJ) s * J 

be the normal closure of the elements Xi j(a), a € J, in the group Q* J . For a subset 
T C {1,2, ... ,?i + 1}, define 

R [ T \= \\ [[Riuj^Ri^j^f^RitJt] 

TC.{ii,ji,i 3 ,j 3 ,...,i t ,jt} 

be the product of the iterated commutator subgroup of Ri,j's such that each number 
in T occurs at least once in the indices of Rij's. (Here if t = 1, then we let commuta- 
tor subgroup [-Riu'J = Riiji by convention.) In the case that T = {1,2, . . . , n+1}, 
we denote 

[Rid I l<i< j <n + l] s 

by R[l,2,...,n + 1]. 

Lemma 3.5. Let Q* J be the self free product of Q over a set J. Then 

1) The Moore chains N n g* J = R[2, 3,..., n + 1}. 

2) The Moore cycles Z n Q* J = R[l, 2, 3, ... , n+1] = [i?.^ | 1 < i < j < n+l] S - 

3) The Moore boundaries B n Q* J = Z n Q* J = i?[l,2,3, ...,n + l] = [R ld \ 1< 
i < j <n + 1} S . 

Proof. For assertions (1) and (2), the direction 

iZ[2, 3, . . . , n + 1] < N n g* J and R[l, 2, 3, . . . , n + 1] < Z„^* J 



can be easily checked as follows. From equation (3.2), we have dkXij(a) = 1 for 
a G J if k + 1 = i or j. Thus 

i^<Ker(d fe :e; J ^e;^) 

if & + 1 = i or J . Thus 

n 

[[R lun , i? l2 J2 ], . . . , Ri ujt ] < N n G* J = fl Ker(d fc : Q* J -> Q*^) 

fe=i 

if {2, 3, . . . , n + 1} C {«i,ii, «2j J2> •••! *t> it} since each dj., 1 < fc < n, sends one of 
entries Ri s j s in this (iterated) commutator subgroup to the trivial group. It follows 
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that R[2, 3, . . . , n + 1] < N n g* J . Similarly R[l, 2,...,n 
main point is to prove that 

(3.4) N n g* 3 < R[2, 3, . . . ,n + 1] and Z n G* J < R[l, 2, 



+ 1] < Z n+1 G* J . Thus the 



,,n- 



If n = 1, then i?[2] = 2] = C/j" J because G{ is generated by xi j2 (a) for aeJ 



In this case, the identity that N\Q* J 
may assume that n > 2. 

We first consider the last face operation 

d« : <?*/ — 

Let # n = Ker(d„ : G* n J -> g*^ 



Zi£* J = i?[2] = i?[l,2] = 5^. Thus we 



y n -i- 



From equation (3.2 1, 



d n (xij(a)) 



if 
if 



l<i<j = n+l, 
1 < i < j < n. 



1 

Xi,j(a) 

Observe that the basis of g* J is given by the disjoint union of the basis of Gn-i 
with the set {xi. n +i(a) | 1 < i < n+1, a £ J}. By [251 Proposition 3.3], a basis for 
the free group K n is given by the subset X n of G*/ consisting of all of the following 
iterated commutators on basic words 



(3.5) 
where 



w = [[[x iin (ao) , x\\ ih (ax)}, xf 2 h (a 2 )\, ■ ■ ■ , x% jt (a t )] , 



1) t > (Here if t = 0, then w = [xi M (ao)] = Xi tTl (ao).) 

2) e s = ±1 for 1 < s < t, 

3) 1 < is < js < n for 1 < s < t, 

4) a s € J for < s < t and 



^2 ,.72 



(a 2 ) 



• t (a t ) is an irreducible word in the group 



5) the word x-J jx (ai)x- 

S£i < G*/- 

Next we consider the face operation dk restricted to K n for < k < n. From the 
A-identity dud n = d n ^\dk for 1 < k < n — 1, we have the commutative diagram of 
short exact sequence of groups 

F(X n ) c . G* n J 



K„ 



Gn-l 



(3.6) 



dk 



K n -i — F(X n _i) c — Gn_! 



d k 



G„- 



for 1 < k < n — 1. Consider ci^u) for w € X n . From equation (3.2), dkXi, n (a) is 
given by the following table 

(a) ■■• x n -i, n (a) 



1 



x k , n -i(a) ■■■ i„_2,n-i(a) 



We now start to prove statement (3.4). Let 



X n (k) = {w e X n | k + 1 e Index(w)} 

for < fc < n — 1. If w G X n (k), then (i^w = 1 as c4 sends one of the entries in the 
commutator w to 1. Let w £ X n \ X n (k) be written as in (3.5). Then i ^ k + 1 
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and k + 1 ^ {«i, ji, ■ ■ ■ ,H,3t}- From the above table, dkXi, n (ao) — x^ n -x{ao) for 
i < k + 1 and £i-i,n-i( a o) f° r i > k +1. For other entries a;^ s j {ot s ), we have 



4(< s ,- (a s )) 



< s Js K) 



_x(a a ) if fc + 1 < i s , 
-i(« s ) if i a < + 1 < 3s 



if fc + 1 > j s 



Observe that 

dk '■ { x i,j( a ) \ (X € J, 1 < i < j < n and k+1 ^ — > {xij(a) \a € J, 1 < i < j < n— 1} 
is a bijection. The restriction of dk in the subgroup 

d*| : F(x itj (a) \ a e J, l<i<j<n and fc + 1 ^ i, j) — ► g* n J _ 2 
is an isomorphism. Since the word 

x il,h( a ^ x Z,j 2 ( a 2) ■ ' •< t j t («t) € F (xi,j{a) \ aeJ, I < i < j < n said k+1 ^ 
is irreducible, the word 

d k( x T un ( a i) x il n ( a 2) ■ ■ ■ x Z, jt ( a t)) = (dkXi 1 ,j 1 ) ei (a 1 )(d k x i2<h ) e2 (a 2 ) ■ ■ ■ (d k x H Jt ) e * (a t ) 

is irreducible in Q^_ 2 < Q*i-\- It follows that d k w € X n _i for each u> e JC„ \ X n (k) 
and the function 

is a bijection. This allows us to apply the algorithm in |22j Section 3] to 
d k \ : K n = F(X n ) — > iT^.a - F(X n _ x ) 



for < fc < n — 1 in diagram (3.6) and so, by [22, Theorem 3.4], the Moore chains 



n-l 



N n g* J = f| Ker(4| : K n -> ^„_ x ) 



fc=i 



are generated by certain iterated commutators 

(3.7) w = ^ t (x iujl (a 1 ) ±1 ,Xi 2 j 2 (a 2 ) ±1 ,. ■ ■ , x u Jt (a t ) ±:L ) 
with {2, 3, . . . , n + 1} € Index(w) and the Moore cycles 

n-l 

2„£* J = fl Ker(d fc |: if fl ->■ # n -i) 

is generated by certain iterated commutators 

(3.8) w = t (x iu j 1 (a 1 ) ±1 ,Xi 2t j 2 (a 2 ) ±1 , . . . ,Xi un (a t ) ±1 ) 



with {1,2, ...,n + 1} € Index(w). (Note. The commutator w in (3.7| or (3.8) 
may not be in the standard form from left to right.) Since each entry Xi 3 j 3 (o^)* 1 
belongs to R% s ,j a , the commutator w in (3.7) or (3.8) lies in the fat commutator 
subgroup [[Ri 1 .j 1 , Ri 2 j 2 , ■ ■ ■ ,Ri t j t }] and so, by Lemma 3.4 



o-es t 



where s = 2 in the case of (3.7) and s = 1 in the case of (3.8). This finishes the 
proof of statement (3.4) and hence assertion (1) and (2). 
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(3). By assertion (2), 

Z n Q 7 = Y\_ [[-^iiJD -^2^2]. • • • j Rit,h\- 

{l,2,... 1 n+l}C{ii,j'i,i 2 ,j2,...,it,3*} 



From equation 3.2 we have do^i+i.j+if^) = Xij(a) for l<i<j<n+l and 
a e J. Thus 

d>o{Ri+l,j + l) — RiJ 

for 1 < i < j < n + 1. Given a factor [[-Ri^, R% 2 j 2 ], ■ ■ ■ ,Ri t j t ] hi Z n Q* J with 
{1,2,.. . + 1} C j 1 ,i 2 ,j2, ■ ■ - , it.it}, we have 

rfo([[^i + lji + l, ^2+lj2+l]> • • • J-Rjf + ljt + l]) = [[-RiiJD-Sia^]) • • • i Rit,jt}- 

Since {2, 3, . . . , 77 + 2} C {i 1 + l. j ■ + 1, j 2 + 1, . . . , it + 1, j f + 1}, the subgroup 

]^[ [[-Ru + lji + l; ^2+lj2+l]. ■ • • ! -^it+ljt+l] ^ ^ri+l^*' 7 

{l,2,...,n+l}C{ii j'i,i 2 ,J2, ,jt} 

with 

^0 I ]^[ [[-R'ii + ljl + li ^i2 + lj2 + l]j • ■ • ! -Rit+l.jt + l] I = 2„^* J . 

2, ...,n+l}C{i 1 ,j 1 ,i 2 ,j 2 , Jt} / 

It follows that Z n Q* J < B n Q* J . Assertion (3) follows and this finishes the proof. □ 

The following lemma states that R[l, 2, . . . , n + 1] can be given by the product 
of a finite collection of commutator subgroups. 

Lemma 3.6. The subgroup R[l, 2, . . . , n + 1] of Q^ J is the product of the following 
commutator subgroups 

[[-^ti.ji ' Rh-J'i]^ ■ ■ ■ . Rit,jt]i 

where 

1) {i1.i1.i2.i2, ■ • ■ ,H,jt} = {1,2, . . . ,7i+ 1} and 

2) {«i, ji,»2, J2, ■ • ■ Jt,3t} \ {«p,i P } + 1 {1,2, ... ,n + 1} /or any 1 < p < t. 

Proof. Let H be the product of the commutator subgroups given in the statement. 
Clearly H < R[l, 2, . . . , n + 1]. Now consider the factor 

[[-^1,^11-^2,32]) ■ ■ ■ 'Rit,jt] 

with {1, 2, . . . , 77 + 1} = {ii, ji, 72, 321 ■ ■ ■ , «t, it} hi i?[l, 2, . . . , 77 + 1]. If there exists 
1 < P < i such that 

{ii.ii, i2, J2, • • ■ .it.it} N {ip,j P } = {1,2,. . . ,77 + 1}, 

since [[^un^jj, ■ ■ ■ , #i p _i,jp_i] is normal, we have 

[[[-^iij'i , -^12.^2], ■ • ■ , Rip-i ,j P -i] 1 -^jp ,jp] — [[-^iijji ) ^2,^2]) ■ ■ • , Rip-i;j P -i]- 

(If p = 1, then we use [R^ j 1 , Ri 2 j 2 ] < Ri 2 ,j 2 ) It follows that 

[[-^ii.ji . ^2,^2]' ■ • ■ . RitJt] — [[RiiJi . Riailzl' • ■ ■ ' ^'pjp' • • • J -^itj't] 

with {ii,ii, 72, j'2, ■ • ■ , it, it} \ {i p , i p } = {1, 2, . . . , 77 + 1}. By repeating this process 
by removing surplus entries, we have 

[[Riljl . ^»2,j2]. • • ■ , Ritjt] — H 

and hence the result. □ 
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The following simple result is well-known and follows from the structure of nor- 
mal forms of free products with amalgamation (for the proof see, for example, 

Mr- 

Lemma 3.7. Let G = G\ *a G2 be a free product with amalgamation such that 
G X ^A and G 2 ^ A. Then Z(G) < Z{A). 



3.5. Proof of Theorem |l.2[ We use our simplicial group model T(S k ,a) for 
SIS . Consider the construction of the subgroup Q n ,k of P n . By the definition 
of the simplicial group AP + , the iterated degeneracy operations on KPi = P 2 are 
given by the cabling and so the elements x±, . . . ,Xfc_2 in Step 1 are the canonical 
basis for the subgroup 

e(F[sV2) < AP fe _ 2 = p fe _i. 

Since diXi = diXi+\ for 1 < i < k — 3 and doxi — dk-2%k-2 = 1, we have diOik = 1 
for < i < k — 2. It follows that is a Moore cycle in P[5' 1 ]fc_2 with 7^ 1. The 
elements yj , 1 < j < (^Zj) > are standard basis for the subgroup 

ak (F[S k ~ 2 ]n-l) < AP„_! = P„ 

since they are obtained by cabling on a^- It follows that 

Pn *Q n . k Pn = (AP, * F[s *-z] AP*) n _! = T{S k ;a k ) n ^. 



Theorem 1.2 is a special case of the following slightly more general statement. 

Theorem 3.8. Let k > 3 and let a 7^ 1 € F[S 1 ]k-2 be a Moore cycle. Then the 
simplicial group T(S k ; a) ~ ilS k has the following properties: 

1) In the group T(S k ; oi) n —i = Pn *F[S k - 2 ] n ^ 1 Pn> the Moore boundaries 

B n -iT{S k ;a) = [R t , 3 \l<i<j< n] s . 

2) The homotopy group Tr n (S ) = n n —i(ClS) = n n —i(T(S, a)) is isomor- 
phic to the center of the group 

T{S k -a) n ^ 1 /B n ^ 1 T{S k - a ) = (P„ *F[s*- 2]n _ I P n )/[Rij \l<i<3< n] s . 
for any n if k > 3 and any if k = 3. 

Proof. (1). By definition, the simplicial group T(S k ; a) is given by the free product 
with amalgamation AP* *pt S k-2-i AP*. Thus T(S k ; a) is a simplicial quotient group 



of the free product AP* * AP* . Let Q be the simplicial group given in Subsection 3.4 



Then AP* is a simplicial quotient group of Q . It follows that there is a simplicial 
epimorphism 

g: Q*G — «► T{S k ;a). 

By Proposition |2.1 1 

N(g) = g\ : N n (G * G) — ► N n (T(S k ; a) 

is an epimorphism and so 

B n ^(T(S k ;a)) = d (N n (T(S k ;a))) 
= d (g(N n (G * Q))) 

= g(d (N n (G * G))) 
= g(B n - 1 {G*G))- 



Assertion (1) follows from Lemma 3.5 
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(2). Case I. k > 3. Since T{S k ;a) q = P q +i *p[s>>-2] Pq+i is a free product 
with amalgamation, the center Z(T{S k ;a) q ) < Z(F[S k ~ 2 ] q ) = {1} for q > k - 1 
by Lemma 
by Lemma 



3.7 



3.7 



For q = k - 2, then Z(T{S k - a) k _ 2 ) < F[S k ~ 2 ]k-2 = (a) = Z 
Since a is Moore cycle, a is a Brunnian braid in Pk-i- Recall 
that the center of Pk-i is given by the full-twist braid A 2 [3] with the property 
that, by removing any one of the strands of A 2 , it becomes a generator for the 
center of Pk-i and d^A 2 ^ 1 for k > 3. Since a is Brunnian braid, any power 
a m g Z(P k -i) for to ^ 0. It follows that a m Z{P k _ x * F[sk -2 ]k 2 P fe _ x ) for 
to f 0. Thus Z(T{S k ;a) k - 2 ) = {!}• For q < k - 2, T(S k ,a) q is a free product 
and so Z(T{S k , a) q ) = {1}, where for the low cases, T(S k ;a)i = P 2 * P 2 is a free 
group of rank 2 and T{S k ;a) Q = {1}. Thus the center Z(T(S k :a) q = {1} for all 
q > 0. It follows from [22, Proposition 2.14] that 

7r g (T(S fc ;a)) - Z(T(S fc ;a) g /£ g (T(S fc ;a)) 

for g > 1. This isomorphism also holds for q = because T(S k ;a)o = {1}. 

Case II. fc = 3. By the same arguments as above, we have Z(T(S 3 ; a) q ) = {1} 
for q > 2. By [22j Proposition 2.14], we have 

(3.9) Tr q (T(S 3 ;a)) = Z(T(S 3 ;a) q /B q (T(S 3 ;a)) 

for g > 3. We only need to check that this isomorphism also holds for the cases 
q = 0,1. (The case that q = 2 is the exceptional case, which is excluded in the 
statement.) When q = 0, both sides are trivial groups. Consider the case q = 1. 
Note that APi = P 2 = Z generated by A 12 . Since a is not trivial, it is given by a 
nontrivial power of Ai 2 . Let a — A\\ for some to 0. Then T(S 3 ; a)\ is given by 
the pushout diagram 

m „ 
P 2 = Z ► P 2 = Z 



m 

P 2 =Z — T(S 3 ;a)i. 

Since i?i :2 = (Ai,2, A\ >2 ) r ( s ' 3 ; Qt )i = T(S 3 ,a)i because T(S 3 ;a)i is generated by 
Ai 2 and A' x 2 , we have 

B 1 (T(S 3 ;a))=T(S 3 ;a) 1 

and so 

Z(T(S 3 ; aJi/BiCTOS 3 ; a)) = T(S 3 ; a)x/Bi(T(SS\a) = {1}. 
On the other hand, 

^(T(S 3 ;a)) =^i(f!S 3 ) = tt 2 (S 3 ) = {1}. 



Thus isomorphism (3.9) holds for g = 1. This finishes the proof. □ 



Example 3.9. In this example, we discuss the exceptional case by determining the 
center of the group: 

G = (P 3 *f\s^ Pb)/[Rij \l<i<j< 3} s , 

where a — A™ 2 with some to 7^ 0. By definition, the subgroup F[S' 1 ] 2 < P 3 is 
generated by x\ — S\a,% — (A 1)3 A 2i 3 ) m and x 2 = s a 3 = {Ax^A\^) m . Thus the 
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free product with amalgamation P 3 *f[s 1 ]^ P3 is given as the quotient group of 
P 3 * P 3 by the new relations: 

(3.10) {A x , 3 A 2 , 3 ) m = K,3^2, 3 ) m and (A 1>2 A h3 ) m = {A' X2 A' X3 ) m . 

Consider the subgroup [Rij | 1 < i < j < 3]g of P 3 *f\s 1 U -^3- Observe that 

[A h2 ,A h3 ], [A lt2 ,A 2 ,3], [A h3 , A 2 , 3 ] e [Ri tj | 1 < i < 3 < %, 
the subgroup (Ai^ 2 , ^1,3, ^2,3) is abelian in G. Similarly the subgroup (A' 12 , A' 13 , A' 2 3 ) 



is abelian in G. Thus (A' 12 A' 13 ) m = (A' 12 ) m (A' 13 ) m in G and from equation (3.10) 

K, 2 r = (A h2 r(A h3 r(A' h3 )- m . 

It follows that A' x 2 commutes with Ai 2 since A 12 commutes with (A 12 ) m , (A 13 ) m 
and (A[ 3 ) m . From this, we conclude that (A[ 2 ) m G ■Z'(G) because A' ± 2 commutes 
with all of the generators for G. Similarly {A ia ) m , (A 1:3 ) m , {A 2 , 3 ) m , (A[ 3 ) m , (A' 23 ) m e 
Z(G). Thus the subgroup 

(3.11) h = ({(a^y\ (A h3 r, (A 2t3 r, (< 2 r, K i3 r, < z(o. 

Let 

G' = (Z(Ai ) 2)/m*Z(A' 1>2 )/m)x(Z(A 1 3)/m*Z(A; >3 )/m)x(Z( J 42 > 3)/m*Z(A / 2i3 )/rn) 

and let 0: P 3 *P 3 — > G' be the canonical quotient homomorphism defined by sending 
generators to generators. Then 

<j){xi) = (j){x 2 ) = 1. 

Moreover <f>([Ri,j | 1 < i < j < 3]s) = 1 with 4>{H) = 1 and so <fi induces an 
epimorphism (j) in the following diagram: 



P3 *Ps 



G' = (Z/m * Z/m) x (Z/m * Z/m) x (Z/m * Z/m) 



G/P. 

On the other hand, the group homomorphism 

Z(Ai, 2 ) *Z(A' 1>2 ) — > G/H 

factors through the quotient Z(Ai j2 )/m * Z(A[ 2 )/m. Similarly there are canonical 
group homomorphisms from Z(Ai. 3 )/m*Z(A' 1 3 )/m and Z(Ai t2 )/m*Z(A' 1 2 )/m to 
G/H. Since the subgroup {Ax. 2 ,A\ 2 ), (Ai^ 3 ,A' 13 ) and (A 2j3 ,^4 2 3 ) commute with 
each other in the group G, there is a group epimorphism 

ip: G' -> G/H 



such that <f> o ip 
follows that 



idc since all of generators of G/H lie in the image of -0. It 



G/H = G' = (Z/m * Z/m) x (Z/m * Z/m) x (Z/m * Z/m). 
Since Z(G') = {1}, Z{G/H) = {1} and so 

Z(G) < H. 



Together with equation (3.11), we have Z(G) = H = Z 1 



□ 
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4. Description of Homotopy Groups of the Moore Spaces M(Z/q, k) 

WITH k > 3 



In this section, we give an explicit combinatorial description of the homotopy 
groups of the Moore spaces M(Z/q,k) with k > 3. This description highlights our 
methodology for giving combinatorial descriptions of homotopy groups using free 
products of braid groups. 

4.1. An Embedding of F[S k ~ x ] into T(S k ;a) for Moore Boundaries a. Let 

a E Nk-iFlS 1 ] with d^a ^ 1. We are going to construct a simplicial monomor- 
phism F{S h ~ 1 ] — > T(S h - doa), which is also a homotopy equivalence. 
Let 

f & : A[k — 1] — > FlS 1 ] 
be the representing map of the element a with f a (o~k) = <5, where o~k = (0, 1, . . . , k— 
1) € A[fc — 1]. Let A°[fc — 1] be the simplicial subset of A[fc — 1] generated by dj<Tk-i 
for j > and let 

A[fc-1] =A[Jb-l]/A°[A-l]. 

Since djdt = 1 for j > 0, the simplicial map fa factors through the simplicial 
quotient A[fc— 1]. Let 

(4.1) fa : A[fc — 1] — > FlS 1 ] 

be the resulting simplicial map with /a(cfc-i) = ot- By the universal property of 
Milnor's construction, there exists a unique simplicial homomorphism 

(4.2) 8 a : F[A[k — 1]] — > FlS 1 } 
such that 0&\A[k-i] = f&- 

Lemma 4.1. The simplicial group F[A[k — 1]] is contractible and the map 

6 a : F[A[k-l}} -^FiS 1 } 
is a simplicial monomorphism. 

Proof. Recall [7] that the geometric realization \ A[k — 1]| is the standard (fc — 1)- 
simplex A fc_1 and |A°[fc] | is the union of all faces of A fc_1 except the first face. Thus 
both |A[fc-l]| and |A°[fc]| are contractible and so is |A[fc-l]| = |A[fc-l]/A°[fc-l]|. 
It follows that 

\F[A[k- 1]]| ~ nE|A[fc- 1]| 

is contractible. 

The proof of the statement regarding 9 a is similar to that of Lemma |3.2| The 
image 9 a {F[A[k — 1]]) is a simplicial free group because it is a simplicial subg roup 
of the simplicial free group ^[S" 1 ]. Following the lines in the proof of Lemma 3.2 



for checking that 6 a : F[A[k — 1]] — > a (F[A[k — 1]]) is a simplicial monomorphism, 
it suffices to show that 

N9f : N,F[A[k - l]] ab — ^ N*d & (F[A[k - 1]]) 

is an isomorphism. This follows directly from the computations that 

Z(<7fc_i) for q = k — 1, 
N q F[A[k - l]] ab = { Z(d a fc _!) for q = k - 2, 
otherwise, 
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!Z(a) for q = k — 1, 

Z(d a = a) for q = k - 2, 
otherwise 
and #a(ofc_i) = <S. □ 

Now from the above Lemma, the simplicial monomorphism 

<j> a : F[S k - 2 ] — > AP, 

is given by the composite 

F[S k - 2 ] ^ F[A[k-l]] ^ FiS 1 } cJL AP». 
It follows that & o 8a- F[A[k — 1]] — > AP* induces a simplicial monomorphism 
(4.3) F[A[k - 1]] * f [^-2] F[A[fc - 1]] AP* * F[sfe _ 2] AP», 



which is a homotopy equivalence by Theorem 2.2 Let o' k _ 1 denote the element 
(Jfe-i in second copy of F[A[fc — 1]] in the free product with amalgamation F[A[k — 
1]] * F[ sk-2] F[A[k - 1]]. Let 

Then is a Moore cycle because 

djZk-i = (ijcr fe _i(dj(T^._ 1 )~ 1 = 1 
for j > in F[A[fc - 1]] * F[S k-2] F[A[k - 1]] and 

doZk-i = d a <7 k ^ 1 (d <j' k _ l )~ 1 = 1 

since do^fe-i = do°l,_i lies in the amalgamated subgroup F[S k ~ 2 ]. Let / Zfc „ 1 : - 
F[A[fc — 1]] * F [s k ~ 2 ] F[A[k ~ 1]] be the representing map of zj~-i and let 

f Xh _ t : F^'- 1 ] — > F[A[fc - 1]] * F[sfc _ 2] F[A[fc - 1]] 
be the simplicial homomorphism induced by f Xk _ 1 . 

Lemma 4.2. Le£ / Zfc _ 1 &e defined as above. Then 

1) / Zfc _ 1 is a simplicial monomorphism. 

2) f Zk _ 1 is a homotopy equivalence. 

Proof. (1). Observe that 

F[A[k - 1]] * F[ s*-2] F[A[k - 1]] = F[A[k - 1] U A[fc - 1]] 

is a simplicial free group, where A [A; — 1] U A[fc — 1] is the simplicial union by 
identification dgcrfc-i with docr' k _ 1 . Assertion (1) follows from the lines of the proof 



of Lemma 13.21 
(2). Since 

f Zk _ t : F[S k - 1 ] ~ nS k — > F[A[fc - 1]] * F[Sfc _ 2] F[A[fc - 1]] ~ f!S fc 

is a simplicial homomorphism, it is a loop map. Thus it suffices to show that f Zk _ 1 
induces an isomorphism 

: n k _ 1 (F[S k - 1 ]) £* Z - 7r fe _i(F[A[fe - 1]] ^-zj F[A[fc - 1]]) = Z. 

Note that 

n k ^(F[A[k - 1]] * F[s *- 2] F[A[fc - 1]]) = 7Tfe_i(F[A[fe - 1] U A[fc - l]] ab ). 
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for 
for 



Now the Moore chain complex of F[A[fc — 1] U A[fc — l]] ab is given by 

N q F[A[k - 1] U A[k - l]] ab = 

Thus 7Tfc_i(F[A[fc — 1] U A[fc — l]] ab ) is generated by crk-x ~ a 'k-i' which is the image 
of z fc _i in the abelianization F[A[fc — 1] U A[k — l]] ab . It follows that 

: tt^xCF^" 1 ]) - K k -i(F[*[k ~ 1]] F[A[k - 1]]). 



Z(ff*-i)ffiZ(ffl-i) 
Z(d a- fc _i 





q = k-l, 
q = k-2, 
otherwise. 



is an isomorphism and hence the result. 



□ 



4.2. Description for n*(M(Z/q,k)) with fc > 3. With the preparation in the 
previous subsection, we can now construct a simplicial group model for Q,M(Z/q, k) 
with k > 3. Let a £ Zfc-iFfS' 1 ] be a Moore cycle with a ^ 1 and let a £ 
Nk-iFlS 1 ] be a Moore chain such that d^a ^ 1. From Lemma 
isomorphism (4.3|, there is a simplicial monomorphism 



4.2 



together with 



5& ■ F[S k ~ 1 ] - 
which is a homotopy equivalence. Let 

F[q] : FIS**- 1 } 
be the simplicial homomorphism such that 

F[q\(x) = x q 



T(S k ;d Q &), 



for x £ S k 1 C i^S* 1 ]. Clearly is a simplicial monomorphism. Now define 
the simplicial group T(M(Z/g, fc); a) to be the free product with amalgamation 



F[S k ~ 1 ] 



5* o F[q] 



AP* 



T(S k ;d &) 



T(M (Z/q, fc); a, a) = T(S k ; d &) Kj^-i] AP* 



The construction of 8% ° F[q] is explicitly given as follows: 

Regard a as in k-strand braid through the embedding 0: F[S fl ] — > AP*. 
Let a' be a copy of a for the second copy of AP* in the free product with 
amalgamation 

T(S k ; do a) = AP* * F[s *- 2] AP*. 
Let (Tfc_i &e £/ie non-degenerate element in SZZi- Then 
5 & o F[q] : F^'- 1 ] -> T(S fc ; d 5) 

t/ie unique simplicial homomorphism such that 8(o~k-i) — {ce(a')~ 1 ) q . In 
the language of braids, 6& of [g](F[S t:_1 ]) is the subgroup ofT(S k ;doa) = 
AP* * F [ S fc-2] AP* generated by the cablings of {a{a')~ l ) q in the self free 
product with amalgamation of braid groups. 



A COMBINATORIAL DESCRIPTION OF HOMOTOPY GROUPS OF SPHERES* 



2:S 



One interesting point in the simplicial group 

T(M(Z/q,k);a,a) = (AP„ * F[S k-2 ] AP„) * F[jS k-i] AP» 

is that we identify the g-th power (a(a') -1 ) 9 G AP* * F [$k-2] AP* with a G AP*. 
So the cablings of a have q-th roots in T(M(Z/q, k);a, a). 

Theorem 4.3. Let a G Zi c _iF[S 1 } be a Moore cycle with a 7^ 1 and Zei a G 
A/ c _ii 7 '[S' 1 ] be a Moore chain such that alga ^ 1. Thenthe simplicial group T(M(Z/q, k); a, a) 
is homotopy equivalent to the loop space QM(Z/q, k) of the Moore space. Moreover 
the canonical inclusion 

T(S k ;d a) T{M(Z/q,k);a,a) 
is homotopic to the looping of the inclusion S M(Z/q, k). 



Proof. By Theorem 2.2 the classifying space W(T(M(Z/q, k); a, a)) is given by 



the homotopy push-out 



sk W(S a oF[q}) > sk ^ msk . doa) 



W(T(M(Z/q,k);a,a)). 



Since 



W(S & o F[q] m ): 7r k (S k ) £* Wk-i(F[S ]) — > 7r fc (5 fc ) = ir k ^(T(S k ; d a)) 

is of degree q, W(T(M(Z/q, k);a, a)) ~ M(Z/q, k). Observe that the right column 
of above diagram is homotopic to the inclusion of the bottom cell S k '-t M(Z/q, k). 
The assertions follow. □ 

Let Aij,A' i : j and A'- j be copies of Aij for generators for P n in the free product 
with amalgamation 

T(M(Z/q,k);a,a) n - 1 = (P n * F[S k-2 ]n _ 1 P n ) * F [S*- 1 ]„_ 1 P n 

and let R4J be the normal closure of Aij, A\ ■ and A" ■ in T(M(Z/q, k); a, a) n -\. 

Theorem 4.4. Let fc > 3. Let a G Zfe_iF[S' 1 ] 6e a Moore cycle with a ^ 1 and 
Zei a G Afe_ 1 i ;l [iS' 1 ] 6e a Moore chain such that d^a ^ 1. T/ien Tr n (M(Z/q,k)) is 
isomorphic to the center of the group 



((Pn 



*F[S k 



_! P n) *F[S fc - 1 ]„- 1 I 1 < i < j < n] S 



for any n. 



Proof. Since T(M(Z/q, k); a, a) is a simplicial quotient group of G*G*G, the Moore 
boundaries 

B n _iT(M(Z/g,fc);fi,a) = [i^ | 1 < * <i < n] s 

by Lemma 3.5 Observe that the group (P m * F [s k - 2 ] m _ 1 Pn) * F [s k ~ 1 ] m -i P™. nas 
trivial center by Lemma 3.7 The assertion follows from [2"2l Proposition 2.14]. □ 
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Remark 4.5. An explicit choice of a and a can be given. For instance, we can 
choose 

otk+i = [[[xi 1 ,xiX2 1 ],x 2 Xs 1 ], . . . ,a; fc _2X^ 1 ,Xfc_i] 
in Theorem 11.21 as a fc-strand Brunnian braid and choose 



Oik 



[X\X 2 1 ,X 2 X 3 ],..., Xk^Xf.^Xk-i] 



as a fc-strand quasi-Brunnian braid in the sense of [5]. Then we obtain an explicit 
simplicial group model T(M(Z/q, k); a k , atk+i) for QM(Z/q, k). □ 



5. Description of the homotopy groups of Moore Spaces M(Z/q, 2) 

and Proof of Theorem IL3J 



Let T[M(Z/q,2)) be the free product with amalgamation by the following dia- 
gram 

,n Fid 



F[S L 



FIS 1 } 



e 

AP, T(M(Z/?,2)) = AP, * F[s i] FIS 1 }. 

By Theorem |2.2| there is a homotopy push-out 



S 2 ~ WFiS 1 } 

r 

e 



S 2 ~ W[S' 1 ] 



WT(M(Z/g,2)) 

and so WT(M(Z/<?,2) ~ M(Z/g,2). Namely T(M(Z/q,2)) is a simplicial group 
model for QM(Z/q,2). 

For each n, the homomorphism 

F[«] : F[S Vi - F n _i — ► F[5 x ]„_i = F„_! 

is the homomorphism <f> q described in Theorem |1. 3 1 Thus as a group 

T{M{Z/q,2)) n _ l =P nHq F n _ l . 

We give an more explicit description of the group T(M(Z/q, 2))„_i using degener- 
acy operations. Let {acj}j=i,...,n-i be the set of generators for F n _i = i^S* 1 ],^! as 
the second factor in the free product P n *,p q F n -i for 1 < j < n — 1. (Note. In the 
introduction to Theorem 1.3 we write for a;^.) As an element in 

x j = s n-2 ' ' ' s j + l s j s j~2 s j-3 ' ' ' SlSoCi 

for 1 < j < n — 1. The group T{M(Z/q, 2)) n _ 1 is the quotient group of P n * F„_i 
by the relation 

s i+l s i s J-2Sj-3 • • • SiSqAl,2 = Xj 
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for 1 < j < n — 1, where Sj+\SjSj-2Sj-3 ■ ■ ■ siSqAi^ the cabling of Ai t 2 as the 
picture in the introduction. 

Let zi = x±, z n = x n -i and Zi = x^x^, for i = 2, . . . ,n — 1. Now let i?,; = 
[z i ) Pn *' t 'i Fn ^ 1 be the normal closure of z, in P„ -F n _i for 1 < i < n and let 

R s- t = {A s _ t ) Prl *' t ' qFn ^ 1 be the normal closure of A Btt in P n *^ Fn-i for 1 < s < i < 
n. Define the index set Index(Rj) = {j} for 1 < j < n and Index(i? s f ) = {s,t} for 
1 < s < t < n. Now define the symmetric commutator subgroup 

[Ri,R s ,t\l<i<n,l<s<t<n] s = ]J [[C lt C 2 ], . . . , C t ], 

{1,2,. ..,«}= U Indcx(Cj) 
3=1 

where each Cj = i?^ or R Stt for some i or (s,t). 



Theorem 5.1 (Theorem 1.3). The homotopy group 7r n (M(Z/q, 2)) is isomorphic 
to the center of the group 

{P n F n -i)/[Ri,R Stt \l<i<n,l<s<t<n] s 

for any n > 3. 



Proof. The proof is similar to that of Theorem |1.2| It is easy to see that the group 
T(M(Z/q, 2)) m — P m +i *4> Fm has the trivial center for m > 2. From [331 Propo- 
sition 2.14], % m (T(M(Z/q, 2))) = 7r TO +i(-M(Z/g, 2)) is isomorphic to the center of 
T(M(Z/2)) m /B m T(M(Z/q,2)) for m > 3. Thus the key point is to show the 
Moore boundaries 

B„_iT(M(Z/?,2)) = [Jfc.Jk.t |l<i<n,l<s<t< n] s . 

We construct a simplicial group F by -F n _i generated by the letters z\, . . . , z n with 
face operation 

!Zk for fc < j + 1 
1 for k = j + 1 

Zfc_i for fc > j + 1 

and degeneracy operations 



SjZf~ 



for < j < n — 1. Then F is a simplicial group with a simplicial epimorphism 
/: F — > -F^S 11 ] by sending the letter Zj of F„_i to the element Zj £ i f, [S' 1 ] T1 _i. Let 
g : Cj — > AP* be the canonical simplicial epimorphism. Then we have the simplicial 
epimorphism 

Q * F — ~ AP, * FlS 1 ] T(M(Z/q, 2)). 

Observe that Ker(d„ : (fy * F)„ —>■(£/* F) n _i) is the normal closure of the elements 
a^n+i, By repeating the arguments in the proof of Lemma 3.5 we have 

B n -i{Q * F) = [Ri,R S! t | 1 < i < n, l<s<t<n] s 
and hence the result. □ 

Example. Consider the case n = 3. The group 

G = (P 3 * 0q F 2 )/[Ri,R Sit | 1 < i < 3, 1 < s < t < 3}s 
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is given by generators x\, x 2 , 012, «13, «23 and the following relations 
#i = a i2 a i3i x \ = a 13 a23, 
[[x{\xf}, Xl ] = [[x\\xf],X2] = 1, 92 e G 
[af 2 ,Oi 3 ] = [a? 2 . a 23] = [a? 3 ' a 23] = 1, 9 & G 
[a;?,a 2 3] = [{xix^, 1 ) 9 ,ai 3 ] = [x 9 2 ,a 12 ] = 1, g £ G. 

Presenting ai 3 ,a 2 3 via generators x\ 1 x 2l a\2, we get the following 3-generator pre- 
sentation of G: 

\[xf ,xf], Xl ] = [[x{\xf],X2] = 1, 92 e G 

[a g i2i a \2 x \] = [a-v2,Xi q a>i2x'Q = [{a^x\) 9 ,x^ q ai2xl] = 1, g £ G 

[x{,Xi q ai 2 xl] = [{xix^ 1 ) 9 ,a^ 2 x q ] = [x 9 2 ,a 12 ] = 1, g £ G. 

Straightforward computations show that G is a 3-generator nilpotent group of class 
2, given by generators 2:1,2:2,0112 and relations 

[012,2:2] = [ai2,x\] = [x\,x\] = [x 1 ,a 12 x 9 ,} = [xix^ 1 , x\] = 1 
[{G,G],G} = 1 

It follows that the order of the element [£1,2:2] is (2q,q 2 ) in G. The center of 
G is bigger than the subgroup generated by [xi,X2], since a\ 2 hes in the center. 
Denote Z\ = (ai 2 ,xi) G , Z 2 = (012, xix^ 1 ) , Z3 = (x 2 ) G . The homotopy group 
TT3M(Z/q, 2) is given now as the intersection 

z 1 nz 2 nz 3 ~z/(2q,q 2 ). 
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